A geometric framework for mixed quantum states based on a K\"{a}hler
  structure by Heydari, Hoshang
A geometric framework for mixed quantum states
based on a Kähler structure
Hoshang Heydari
Department of Physics, Stockholm University, SE-106 91 Stockholm, Sweden
September 16, 2018
Abstract
In this paper we introduce a geometric framework for mixed quantum states
based on a Kähler structure. The geometric framework includes a symplectic form,
an almost complex structure, and a Riemannian metric that characterize the space
of mixed quantum states. We argue that the almost complex structure is integrable.
We also in detail discuss a visualizing application of this geometric framework by
deriving a geometric uncertainty relation for mixed quantum states. The frame-
work is computationally effective and it provides us with a better understanding of
general quantum mechanical systems.
1 Introduction
Geometric quantum mechanics describes quantum mechanical systems based on their
underlying geometrical structures [1, 2, 3, 4]. Recently, it has been shown that such
geometrical structures of quantum theory have profound information about foundations
and the nature of the theory with many applications in quantum science and technology
[5, 6, 7, 8, 9].
In geometric quantum mechanics the projective Hilbert space is constructed by general
Hopf fibration of hypersphere and usually is called the quantum phase space of a pure
quantum state. However, a pure state is a very limited class of quantum states, namely
mixed quantum states. We know a lot about the geometry of pure quantum states but
our knowledge are very limited when we consider mixed quantum states.
Recently, we have introduced a geometric framework for density operators based on
fiber bundles which has lead to many interesting results such as a geometric phases,
an uncertainty relations, quantum speed limits, a distance measure, and an optimal
Hamiltonian [10, 11, 12, 13, 14, 15]. Note the geometric framework that we introduce in
this paper is different from the fiber bundles one.
In this paper we introduce a geometric framework for mixed quantum states based on a
specific Kähler structure. The mathematical structure are well-known in the mathemati-
cal literature, but is almost unknown to physicists. In section 2 we introduce the geometric
framework for mixed quantum states. We will in detail discuss Kirillov-Kostant-Souriau
Kähler structure and the existence of an almost complex structure on quantum phase
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space of mixed states. We will also briefly discuss integrability of the almost complex
structure. In section 3 we will apply our geometric framework to quantum systems by
deriving a geometric uncertainty relation for mixed quantum states which is one of the
most important topics that distinguish quantum physics from classical physics [14].
2 Geometric framework
There are three important geometries. The most well-known one is called Riemannian
geometry which is defined to be the geometry of a positive-definite symmetric bilinear
form. The Riemannian geometry is a well-developed subject and we will not further
discuss it here in this text. Moreover, the geometry of a closed non-degenerate skew-
symmetric bilinear form is called symplectic geometry. Finally, the geometry of a linear
bundle map with square -1 is called almost complex geometry. A Kähler manifold is
symplectic manifold which is equipped with an integrable almost complex structure.
In this section we introduce a new geometric framework for general finite dimensional
quantum systems based on a specific Kähler structure which is called Kirillov-Kostant-
Souriau Kähler structure . In the following text we will denote the identity map by 1
and we let 1n be the n× n identity matrix, and 0n is the n× n zero matrix.
2.1 The Kirillov-Kostant-Souriau Kähler structure
In the first step we will define Kirillov-Kostant-Souriau Kähler structure for the space of
density operators. To do so we let H be an n-dimensional Hilbert space, U(H) be the
group of unitary operators on H, Her(H) be the space of Hermitian operators on H, and
the adjoint action of U(H) on Her(H)
U(H)× Her(H) −→ Her(H), (1)
defined by
(U, Aˆ) 7→ AdU(Aˆ) = UAˆU †. (2)
The manifold Her(H) is diffeomorphic to the homogeneous space U(n)/U(n1)×U(n2)×
· · ·×U(nk). It is easy to show that Her(H) is a flag manifold. A density operator on H is
a member of Her(H) whose eigenvalues are non-negative and sum up to 1. We write D(H)
for the space of density operators on H. Note that, the adjoint action preserves D(H),
and the orbits of the action in D(H) are in one-to-one correspondence with the possible
spectra for density operators on H. To be precise, two density operators belong to the
same orbit if and only if they have the same spectrum. Given such a spectrum σ, we write
D(σ) for the corresponding orbit. In this section we introduce an Ad-equivariant Kähler
structure on D(σ) called the Kirillov-Kostant-Souriau Kähler structure [16]. We remind
the reader that a Kähler structure is pair (ω, J) consisting of a symplectic structure ω
and a complex structure J , and that associated to such a structure is a Hermitian inner
product,
h(X, Y ) = ω(X, JY ) + iω(X, Y ). (3)
Note also that (X, Y ) 7−→ ω(X, JY ) is a Riemannain metric on D(H).
2
2.2 Representation of tangent vectors
Next we want to define representations of tangent vectors on the orbit of the adjoint
action. Note that the adjoint action (2) is transitive, that is, for each density operator ρ
we have a surjective linear map Λρ : Her(H)→ TρD(σ) defined by
Λρ(Hˆ) =
1
i~
[Hˆ, ρ] (4)
since any elements in TρD(σ) can be written as [Hˆ, ρ]. Note that, since the map
(X, Y ) 7−→ Tr(XY ) define a bilinear form on u(n) which is non-degenerated and in-
variant under conjugation, the kernel of Λρ(Hˆ) is a subspace of u(n) which is the Lie
algebra of the stabilizer of ρ for the group action U(n). We can also identify the Lie alge-
bra u(n) with its dual u∗(n) which implies that the U(n) action on u(n) or H is adjoint
or co-adjoint action. Thus Her(H) cán be described by co-adjoint of u(n). The kernel
of Λρ consists of all Hermitian operators on H that commutes with ρ, and we define a
complementary space to Ker Λρ as follows.
Let p1 > p2 > · · · > pk be the different eigenvalues in the spectrum of the density
operator, σ, and nj be the multiplicity of pj. We can always find a basis in H relative
which
ρ = diag(p11n1 , p21n2 , . . . , pk1nk). (5)
Moreover, the kernel of Λρ consists of all those Hermitian operators Aˆ which are repre-
sented by block diagonal matrices
Aˆ = diag(A11, A22, . . . , Akk), (6)
relative to this basis where each Ajj is an nj × nj Hermitian matrix. We define the
complementary space Ker Λ⊥ρ to consist of all the Hermitian operators that are represented
by off-diagonal matrices
Bˆ =

0n1 B12 B13 . . . B1k
B†12 0n2 B23 . . . B2k
B†13 B
†
23 0n3 . . . B3k
... ... ... . . . ...
B†1k B
†
2k B
†
3k . . . 0nk
 . (7)
Obviously, Her(H) = Ker Λρ⊕Ker Λ⊥ρ , and Λρ maps Ker Λ⊥ρ isomorphically onto TρD(σ).
Now we are in right position to define an almost complex structure on quantum phase
space.
2.3 Almost complex structure
An almost complex structure on a manifold is an automorphism of its tangent bundle
whose square equals −1. Moreover, the almost complex structure is a complex structure
if it is integrable, meaning that a rank two tensor, usually called the Nijenhuis tensor
vanishes. We will discuss integrability of almost complex structure in the following text.
Note also that manifolds that admit complex structures can be equipped with holomor-
phic atlases. That is, they are complex manifolds.
3
The orbit D(σ) does admit an Ad-invariant complex structure J ; we define an operator
Bˆ 7→ Bˇ on ker Λρ, where, if Bˆ is given by (7), the operator Bˇ is given by
Bˇ =

0n1 iB12 iB13 . . . iB1k
−iB†12 0n2 iB23 . . . iB2k
−iB†13 −iB†23 0n3 . . . iB3k
... ... ... . . . ...
−iB†1k −iB†2k −iB†3k . . . 0nk
 . (8)
Now, the bundle map J : TD(σ)→ TD(σ), defined by
J
( 1
i~
[Bˆ, ρ]
)
= 1
i~
[Bˇ, ρ], (9)
where J
(
1
i~ [Bˆ, ρ]
)
= 1
i~ [j(Bˆ), ρ], e.g., for the matrix Bˆ = (Bkl) we have j(Bˆ) = (iBkl).
Note that J satisfies J2 = −1, as follows
J
(
J
( 1
i~
[Bˆ, ρ]
))
= J
( 1
i~
[j(Bˆ), ρ]
)
= 1
i~
[j(j(Bˆ)), ρ] = 1
i~
[−Bˆ, ρ] =⇒ J2 = −1, (10)
and thus is an almost complex structure. Next we show that J is integrable, and hence
is a complex structure.
2.4 Integrability of J on quantum phase space
We have derived an almost complex structure for the quantum phase space of mixed
states. One important question concerning this almost complex structure is the integra-
bility of J which we will investigate in this section. An intergrade almost structure has
the structure of a complex analytic manifold. Let J be an almost complex structure on
our quantum phase space. A condition for integrability of J is the following. We can
associate a (2, 1)-tensor NJ defined by
NJ(X, Y ) = [X, Y ] + J [JX, Y ] + J [X, JY ]− [JX, JY ], (11)
for all X, Y ∈ TD(σ) is a local vector fields, to every almost complex structure J .
NJ(X, Y ) is called Nijenhuis tensor. Then we have the following proposition:
Proposition 2.1. Let J be an almost complex structure on our quantum phase space
D(σ). Then these two statements are equivalent
1. J be an almost complex structure
2. NJ = 0.
For the proof and more information see [17, 18, 19]. In the next section we define the
most important structure of the geometric framework.
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2.5 Kähler structure
In this section we define Kirillov-Kostant-Souriau symplectic form and derive an explicit
expression for Hermitian inner product on the quantum phase space D(σ). The Kirillov-
Kostant-Souriau symplectic form on D(σ) is defined by
ω
( 1
i~
[Aˆ, ρ], 1
i~
[Bˆ, ρ]
)
= 1
i~
Tr
(
[Aˆ, Bˆ]ρ
)
= 1
i~
Tr
(
Aˆ[Bˆ, ρ]
)
. (12)
Theorem 2.2. The symplectic form ω (12) is non-degenerated and closed.
Proof. The symplectic form ω is non-degenerated since if we chose Aˆ = [Bˆ, ρ] in equation
(12) then Tr
(
Aˆ[Bˆ, ρ]
)
6= 0 which implies that ω
(
1
i~ [Aˆ, ρ],
1
i~ [Bˆ, ρ]
)
6= 0. Next we will
prove that the symplectic form ω
(
1
i~ [Aˆ, ρ],
1
i~ [Bˆ, ρ]
)
is closed, that is
dω
( 1
i~
[Aˆ, ρ], 1
i~
[Bˆ, ρ], 1
i~
[Cˆ, ρ]
)
= 0, (13)
for all Aˆ, Bˆ, Cˆ ∈ u(n) as follows. Let Aˆ, Bˆ , and Cˆ be the fundamental vector fields
representing 1
i~ [Aˆ, ρ],
1
i~ [Bˆ, ρ], and
1
i~ [Cˆ, ρ] respectively. Then we have
dω(Aˆ, Bˆ, Cˆ) = 13(Aˆ · ω(Bˆ, Zˆ)− Bˆ · ω(Aˆ, Cˆ) + Cˆ · ω(Aˆ, Bˆ)
+ ω([Aˆ, Bˆ], Cˆ) + ω([Bˆ, Cˆ], Aˆ) + ω([Cˆ, Aˆ], Bˆ)) = 0
since the last three terms vanish by the Jacobi identity and the first three terms also
vanish by invariance of the symplectic form ω.
The importance of this form stems from the fact that if A is the expectation value func-
tion of a Hermitian operator Aˆ, that is A(ρ) = Tr(ρAˆ), and XA is the Hamiltonian vector
field associated with A, which is implicitly defined by the identity dA(X) = ω(XA, X),
then
XA(ρ) =
1
i~
[Aˆ, ρ]. (14)
Now, (ω, J) is a Kähler structure, and we define h to be the associated Hermitian inner
product,
h(X, Y ) = ω(X, JY ) + iω(X, Y ) (15)
Theorem 2.3. Let Aˆ and Bˆ be two observables on the Hilbert space which are off-diagonal
at ρ. Then we have
h(XA(ρ), XB(ρ)) =
2
~
∑
i>j
(pi − pj) Tr(A†ijBij),
where Aij and Bij are elements of Aˆ and Bˆ respectively.
Proof. To prove this theorem we note that h(XA(ρ), XB(ρ)) can be written as
h(XA(ρ), XB(ρ)) =
1
i~
Tr
(
[Aˆ, Bˇ]ρ
)
+ 1
~
Tr
(
[Aˆ, Bˆ]ρ
)
= 1
~
Tr
(
[Aˆ, (Bˆ − iBˇ)]ρ
)
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Now, Bˆ − iBˇ is represented by the upper diagonal matrix
Bˆ − iBˇ = 2

0n1 B12 B13 . . . B1k
0n2 B23 . . . B2k
0n3 . . . B3k
. . . ...
0nk

which after some straightforward calculation give the following expression for the com-
mutation between Aˆ and Bˆ − iBˇ)
[Aˆ, Bˆ−iBˇ)] = 2

− ∑
j>1
B1jA
†
1j ∗ ∗ . . . ∗
∗ A†12B12 −
∑
j>2
B2jA
†
2j ∗ . . . ∗
∗ ∗ ∑
j<3
A†j3Bj3 −
∑
j>3
B3jA
†
3j . . . ∗
...
...
... . . .
...
∗ ∗ ∗ ∑
j<k
A†jkBjk

Note that the stars represent expressions whose explicit forms need not be known. Thus
we have
h(XA(ρ), XB(ρ)) =
2
~
∑
i<j
(pi − pj) Tr(A†ijBij).
This end up the prove of our theorem.
The above result is very important in proof of a geometric uncertainty relation for
mixed quantum states which we will consider in the following section.
3 Geometric uncertainty relation based on Kähler
structure
In this section we derive a geometric uncertainty relation for mixed quantum states based
on the geometric frame work we have introduced in the pervious section.
Let Aˆ be a observable on H, and consider the uncertainty function
∆A(ρ) =
√
Tr(ρAˆ2)− Tr(ρAˆ)2. (16)
Now we will state the main result of this section in form of the following theorem.
Theorem 3.1. Let Aˆ and Bˆ be two obervables on H. Then we have
∆A∆B ≥ ~2 |h(XA, XB)|. (17)
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Proof. To prove the theorem we first pick a ρ and fix a basis, so that ρ = diag(ρ1, ρ2, . . . , ρk).
Then the observable Aˆ has the following representation
Aˆ =

A11 X12 · · · X1k
X†12 A22 · · · X2k
... ... . . . ...
X†1k X
†
2k · · · Akk
 . (18)
Then it is not difficult to derive the following expression for our density operator and
observable
Tr(ρAˆ2) =
k∑
i=1
pi Tr(A2ii) +
∑
i<j
(pi + pj) Tr(X†ijXij), (19)
Tr(ρAˆ) =
k∑
i=1
pi Tr(Aii). (20)
Now by inserting these relations into the equation (16) we get
∆A(ρ)2 =
k∑
i=1
pi Tr(A2ii)−
(
k∑
i=1
pi Tr(Aii)
)2
+
∑
i<j
(pi + pj) Tr(X†ijXij)
= (∆Aˆ⊥)2 +
∑
i<j
(pi + pj) Tr(X†ijXij)
≥∑
i<j
(pi − pj) Tr(X†ijXij)
= ~2h(XA(ρ), XA(ρ)),
(21)
where we have decomposed Aˆ as Aˆ = Aˆ‖ + Aˆ⊥ and ∆Aˆ⊥ = Tr(Aˆ⊥ρ). Similarly we get
∆B(ρ)2 ≥ ~2h(XB(ρ), XB(ρ)). Thus,
∆A(ρ)2∆B(ρ)2 ≥ ~
4
4 h(XA(ρ), XA(ρ))h(XB(ρ), XB(ρ))
≥ ~
4
4 |h(XA(ρ), XB(ρ))|
2,
(22)
where in the last step we have used the Schwarz inequality. By taking the square root of
both sides of this equation we get(17). This end the proof of our geometric uncertainty
relation for mixed quantum states.
Our geometric uncertainty relation are related to Robertson-Schrödinger uncertainty
relation [20].
4 Conclusion
In this paper we have introduced a geometric framework for mixed quantum states based
on a Kähler structure. We have explicitly defined the compatible triplet for our quantum
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phase space, namely a symplectic form, a Riemannian metric, and an almost complex
structure. We have argued that our almost complex structure is integrable since the
Nijenhuis tensor vanishes which also implies that our quantum phase space is a Kähler
manifold. Finally we have applied our geometric framework to a quantum system with
two observables in order to derive a geometric uncertainty relation for quantum assem-
bles. Our framework can be extended to the infinite dimensional case but this issue
needs further investigation. The advantages of the geometric framework is its simplic-
ity and effectiveness. We also believe that the geometric framework can be applied and
tested for different quantum systems which also could give rise to very insightful results
about quantum mechanics with many applications in the fields of quantum information,
quantum computing, and quantum control.
Acknowledgments: The author acknowledges useful comments and also discussions
with Ole Andresson. The author also acknowledges the financial support from the
Swedish Research Council (VR).
References
[1] C. Günther. Prequantum bundles and projective hilbert geometries. International
Journal of Theoretical Physics, 16:447–464, 1977.
[2] T.W.B. Kibble. Geometrization of quantum mechanics. Communications in Math-
ematical Physics, 65:189–201, 1979.
[3] A. Ashtekar and T. A. Schilling. Geometrical formulation of quantum mechanics.
In Alex Harvey, editor, On Einstein’s Path, pages 23–65. Springer-Verlag, 1998.
[4] D. C. Brody and L. P. Hughston. Geometrization of statistical mechanics. Pro-
ceedings: Mathematical, Physical and Engineering Sciences, 455(1985):1683–1715,
1999.
[5] P. Zanardi and M. Rasetti. Holonomic quantum computation. Phys. Lett. A, 264(2–
3):94–99, 1999.
[6] A. Ekert, M. Ericsson, P. Hayden, H. Inamori, J. A. Jones, D. K. L. Oi, and V. Vedral.
Geometric quantum computation. J. Mod. Opt, 47:2501–2513, 2000.
[7] P. Solinas, P. Zanardi, N. Zanghì, and F. Rossi. Holonomic quantum gates: A
semiconductor-based implementation. Phys. Rev. A, 67:062315, Jun 2003.
[8] A. Uhlmann. On berry phases along mixtures of states. Ann. Phys., 501(1):63–69,
1989.
[9] A. Uhlmann. A gauge field governing parallel transport along mixed states. Lett.
Math. Phys., 21(3):229–236, 1991.
[10] O. Andersson and H. Heydari. Operational geometric phase for mixed quantum
states. New J. Phys., 15(5):053006, 2013.
8
[11] O. Andersson and H. Heydari. Motion in bundles of purifications over spaces of
isospectral density matrices. AIP Conference Proceedings, 1508(1):350–353, 2012.
[12] O. Andersson and H. Heydari. Dynamic distance measure on spaces of isospectral
mixed quantum states. Entropy, 15(9):3688–3697, 2013.
[13] O. Andersson and H. Heydari. Geometry of quantum evolution for mixed quantum
states. Physica Scripta, 2014(T160):014004, 2014.
[14] O. Andersson and H. Heydari. Geometric uncertainty relation for mixed quantum
states. J. Math. Phys., 55(4):–, 2014.
[15] O. Andersson and H. Heydari. Quantum speed limits and optimal hamiltonians for
driven systems in mixed states. J. Phys. A: Math. Theor., 47(21):215301, 2014.
[16] A. Aleksandr, and R. Kirillov, Elementy teorii predstavleniniui. Izdat. Nauka,
Moscow, 1972. (Translation: Elements of the theory of representations , Springer-
Verlag, Berlin, Heidelb erg, 1976.)
[17] A. Cannas Da Silva, Lectures on Symplectic Geometry, Springer, 2001.
[18] Meinrenken, E., Woodward, C., Hamiltonian loop group actions and Verlinde fac-
torization, J. DiKerential Geom. 50 (1998), 417-469.
[19] R. Gompf, A new construction of symplectic manifolds, Ann. of Math. 142 (1995),
527-595.
[20] H. P. Robertson. The uncertainty principle. Phys. Rev., 34:163–164, Jul 1929.
9
